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Abstract 

This paper is concerned with the final value problem for a system 
of nonlinear wave equations. The main issue is to solve the problem 
for the case where the nonlinearity is of a long range type. By assum- 
ing that the solution is spherically symmetric, we shall show global 
solvability of the final value problem around a suitable final state, 
and hence the generalized wave operator and long range scattering 
operator can be constructed. 
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Introduction 

This paper is a continuation of a previous one [5], in which we have studied the 
global existence and asymptotic behavior of solutions to the system of semilinear 
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wave equations : 

f dfu- Au= \d t v\ p in l 3 xl, 

\ <9 t 2 t> - Av = \d t u\i in R 3 x R, ^ ^ 

where 1 < p < q. Assuming 

ff(p-l)>2, (0.2) 

we have shown that the initial value problem for (jO.ip has a global solution if the 
initial data are radilally symmetric and sufficiently small (notice that if (|0.2p fails 
true, then the classical solution to (jO.ip blows up in finite time however small the 
initial data are, in general, due to Deng pLj). In the present paper we consider a 
problem whether the scattering operator for (jO.ip can be defined or not. 

When p > 2, the global solution has the "free profile". Therefore, in this 
case, one can expect that the scattering operator is defined by S = (W+) _1 I¥_, 
following Lax and Phillips [6]. Here the wave operators W+ and W- are obtained 
by solving the final value problem for (jO.ip , In fact, for a given final state (u + ,v + ) 
which is a solution to the system of homogeneous wave equations : 

<9 t 2 ii+ - Au + = 0, d?v + - Av + = in R 3 x R, (0.3) 

if we found a unique solution (u, v) in R 3 x [0, oo) to (10. ip satisfying 

\\u(t) - u + (t)\\ E + \\v(t) - v + {t)\\ E -> as t^oo, (0.4) 

then W + is defined by 

(u + ,d t u + ,v + ,d t v + )(x,0) i — > (u,d t u,v,d t v)(x,Q). 

Here ||it;(f)||B stands for the energy norm of w(x,t), i.e., 

lkWlll = i / (|^(x,t)| 2 + |5 :rU ;(x,i)| 2 )dx. 

Analogously, is defined by replacing "£ — > oo" in (|0.4p by "t — > — oo". 

On the other hand, when 1 < p < 2, the nonlinearity becomes of a long range 
type in the sense that the solution to the initial value problem for (jO.ip exists 
globally in time but does not approach to any free solution. In fact, we have 
shown in [5] that the energy of the global solution is not generically bounded 
for large t > 0, so that it can not be asymptotic to any free solution of finte 
energy. Nevertheless, we proved that the global solution (u, v) to the problem has 
a "generalized profile". More precisely, letting (w,v) be a solution of 

djw - Aw = F(x, t), d\v - Av = in R 3 x R (0.5) 
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with a suitable F(x,t), we have 

\\u(t) -w(t)\\ E + \\v(t) - v(t)\\ E as t^oo. (0.6) 

For instance, F(x,t) = \dtv(x,t)\ p when < 2 — p < q(p — 1) — 2. These results 
imply that it is impossible to construct the wave operators W+ and W-, in general, 
and suggest us to modify the definition of wave operators for (|0.1|) when 1 < p < 2. 

As in [5], we deal with only radially symmetric solution of (jO.ip in the present 
paper. For this, we write 

u(x, t) = ux(\x\, t), v(x,t) = U2(\x\,t). (0-7) 

Then (|0.ip becomes to 

dim - {d 2 r + ld r )ui = \d t u 2 \ p in r>0, teR, . . 

d?u 2 - {d? + %d r ) u 2 = \dtm\i in r > 0, t G R. [ } 

We wish to compare the nonlinear evolution under (|0.8f) with the linear evolution 
obeying 

dfw - (d? + ^d r ) w = F(r, t) for r > 0, t G M, 
- (5 r 2 + ld r ) v = for r > 0, t G M 

with a suitably chosen F(r, t), as f — > ±oo. Actually, we are able to realize this by 
assuming the following slightly stronger condition than (|0.2p : 



(0.9) 



(p-l) 2 (q-l) > 1 (0.10) 

(for the detail, see Theorems 12.41 and 12.51 below). Since we are able to solve the 
initial value problem in the same function space (see Theorem 12.61 below) , these 
results lead us to a construction of a long range scattering operator for (jO.ip . 

We remark that this kind of modification goes back to the seminal work of 
Ozawa [7] for the nonlinear Schrodinger equation (see also [21 [H [8] , for instance). 
To our knowledge, this paper provides the first result on the wave equation in this 
direction. In order to treat the system (|0.8p . we need to overcome a difficulty to 
handle the nonlinearities with small powers p which can be close to 1 under the 
assumption (jO.lOp . For this reason, we shall construct a generalized final state, 
which solves (10. 9p . by using an iteration (see (I2.30p . (|2.3ip ). Then we shall prove 
the solvability of the nonlinear system (|0.8p around the generalized final state by 
introduing a suitable metric space given by (|4.36p . 

This paper is organized as follows. In the next section we collect notation. 
In the section 2 we present our main results. The section 3 is a summary of 
Section 4]. We refine Theorem 6 and the part (ii) of Theorem 7 in [5] so that one 
can take a parameter 7 to be positive. The section 4 is devoted to prove the main 
theorems. 
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1 Notation 



First we introduce a class of initial data : 

Y v (e) = {/ = (f,g) G C^R) x C(R) ; f(-r) = f(r) (r G R), 
r/(r) G C 2 (R) x C\R) and sup (1 + r)"||/(r)|| < e}, 

r>0 

where v G R, e > and 

1/(01 = 1/(01 + (1 + OCI/'COI + 1^(01) + r(|/(r)| + |</(r)D- 

Next we define several function spaces and norms. Let s = 1 or s = 2. First 
of all, we introduce a basic space of our argument : 

X s = {u{r,t) G C a-1 (R x [0,oo)) ; ru(r,t) G C S (R x [0,oo)), 
n(-r, t) = u(r, t) for (r, i) G R x [0, oo)}. 

For r > and i > we put 

[u(r,t)] 2 = |«(r,t)| + (l + r) £ |c> a u(r, t)| + r ^ |d Q u(r,i)| 

|a|=l |a|=2 

if n G X 2 , and 

[«(r,t)]i = |u(r,t)|+r J I^M)! 

l«l=i 

if u G X 1 , where d = (d r , dt) and a is a multi-index. For v G R, we define Banach 
spaces : 

X s (y) = {u{r,t) G X s ; < oo}, 

Z s (u) = {u(r,t) G X s ; ||u|| z . (l/ ) < oo}, 

where we have set 

= sup [u(r,t)] 8 (l + \r-t\) v , (1.1) 

r>0,«>0 

Nlz«(„) = sup [ n (r,t)] s (l + r + t)^ 1 (l + |r-t|). (1.2) 

r>0,t>0 

Notice that X s (u) C Z s (v) if i/ < 1, while Z s (z/) C X s (i/) if i/ > 1. 

For notational symplicity, we shall denote ||tu(|-|, by ||itf(t)||.E for a function 
w(r, t). 
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2 Main Results 



2.1 Existence of wave operators 



When p > 2, the evolution obeying (|0.8p is well characterized by the homogeneous 
wave equation. For this, we first recall the known fact about the initial value 
problem for the homogeneous wave equation (see e.g. [5]) : 

Utt — ( u rr H — u r ]=0 in (0, oo) x (0, oo), (2-1) 



r 

(u,d t u)(r,0) = f(r) for r > 0. (2.2) 
The solution of this problem is expressed by 

i r r + ' 9 f r+t 1 

= ^ [J X 9Wd\ + ^ jf A/(A)dA j . (2.3) 

Moreover we have 

Proposition 2.1 Let e > 0, v > 0. If f € Y v (e), then K[f] G X 2 (i/) and 

<Ce (2.4) 
holds, where C is a constant depending only on v. 
We set 

Ki=p—1, K2 = q — 1 (2.5) 
for p > 2. Then we see «i, K2 > 1. Our main result in this subsection is as follows. 

Theorem 2.2 (Existence of a wave operator) Let 1 < p < q. Suppose that p > 
2. Then there is a positive number eq (depending only on p and q) such that 
one can define the wave operator W + = (W+\ W^) from Y Ki (sq) x Y K2 (eq) to 
y Kl (2e ) x Y K2 (2e ) by 

W^lfi, f 2 ](r) = (uj^tu^r, 0) (j = 1,2), (2.6) 
where (ui,u 2 ) G X 2 (k\) x X 2 (k 2 ) is a unique solution of ()0,8p satisfying 

\\ Ul (t) - KlhWllE + \\u 2 (t) - K[f 2 ](t)\\ E ^ as i^oo (2.7) 
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for each (fi,f 2 ) G Y Ki (eq) x Y k . 2 (e$). Moreover, we have for r > 

|w| 1) [/ 1 ,/2](r)-/";(r)||(l + rr <Ce*, (2.8) 
W^[hJ 2 ]{r) - f 2 (r)\l(l + rr < Ce\ (2.9) 

•provided fj G Y Kj (e) (j = 1,2) and < £ < £q, where C is a constant depending 
only on p and q. 

Our next step is to construct the inverse of W+, based on the existence result 
given in Theorem 1 of [5] about the initial value problem for (|0.8p with 

{ Ul ,d tUl )(r,0) =0i(r), (u 2 ,d t u 2 )(r,0) = <p 2 (r) for r > 0. (2.10) 

Let (u\,u 2 ) G X 2 (ki) x X 2 (k 2 ) be the unique solution of the problem satisfying 

\\ u i\\x2( Kl ) + IMIx2( K2 ) ^ 2 Co£ (2.11) 

with Co the canstant in (|2.4p . Note that (1*1,142) satisfies the following system of 
integral equations : 

ui = K[<p 1 ]+L(\d t u 2 \ p ), u 2 = K[<p 2 ]+L(\d tUl \ q ). (2.12) 

(See e.g. [5]). Using the solution (ui,u 2 ), we define 

w = Ul - R(\d t u 2 \ p ), v = u 2 -R(\d tUl \ q ), (2.13) 

where L and i? are the integral operators associated with the inhomogeneous wave 
equation whose definition will be given in (|3.3p and (|3.8p below, respectively. If 
we set 

f 1 (r) = (w(r,0),d t w(r,0)), f 2 (r) = (v(r, 0), d t v(r, 0)) (2.14) 
for r > 0, then we see that 

w = tf[/i], « = (2.15) 
Now we state the result for the inverse of W+. 

Theorem 2.3 (Existence of the inverse of a wave operator) Let the assumptions 
of Theorem \2.2\ hold. Then there exists a positive number eq (depending only 
on p and q) such that for any e G (0, eo], one can define {W + )~ l by (0\,(p 2 ) G 
Y Kl (e)xY K2 (e) i — ► U1J2) G Y K1 (2e) x Y K2 (2s) so that {277} is valid. Here (ui,u 2 ) 
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is the solution of (|2.12|) satisfying (|2.1ip . and (/i,/2) is defined by (|2.14p /or 

(#L,&) G i^i (e) x y K2 (e). 

Moreover, we have for r > 

||/i(r)-ft(r)||(l + rr < C^, (2.16) 
l/2(r) -^(r)|(l + rr<C^, (2.17) 

provided tpj € ^ (e) (i = 1,2) and < e < £o; where C is a constant depending 
only on p and q. 

Remark. Now we are in a position to conclude the existence of a scattering oper- 
ator for (|0.ip . As we have constructed W+ in Theorem [221 we obtain W- as well. 
Taking the range of W- to be included by that of W+, we are able to define the 
scattering operator by S = (W + )~ 1 W_. 

2.2 Existence of generalized wave operators 

In this subsection we consider the case where 1 < p < 2. We set 

Kl =p-1, K2 = ?(p-1)-1 (2.18) 

for 1 < p < 2. While, when p = 2, we take K\ and k 2 in such a way that 

< ki < K k 2 < q- 1, qki = k 2 + 1. (2-19) 

For instance, ki = (g + 2)/(2q), K2 = q/2 satisfy the above conditions. Note that 
< K\ < 1 and k 2 > 1 in both cases, by the assumption (|U.2p . 

First of all, we present a result for a special case of Theorem 12 . 51 below, because 
it would make easy to recognize the statement for the general case. Namely, we 
assume that 1 < p < 2 and the following stronger condition on p, q than (|0.10p : 

KiK2 = (p-l)(g(p-l)-l)>l. (2.20) 

In order to have an analogue to Theorem l2.2l we replace the final state (ET[/i], AT[/2]) 
by (u>i,t>o) € Z 2 (k\) x X 2 (k 2 ) which is the solution of the initial value problem 
for 

/ d 2 tWl - (d 2 r + fd r ) Wl = \d t v \P for r > 0, t G R, . , 

\ d?v - (8? + id r ) v Q = for r > 0, t £ M { ' 

with 

(w 1 ,d t w 1 )(r,0) = f 1 (r), (v ,d t v )(r,0)= f 2 (r) for r > 0. (2.22) 
Actually, we have the following. 
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Theorem 2.4 (Existence of a generalized wave operator ; a special case) Let 1 < 
p < q. Suppose that 1 < p < 2 and (|2,20p holds. Then there exists a positive 
number £q (depending only on p and q) such that one can define a generalized 

wave operator W + = (W^\ wf 1 ) from Y Kl (e ) x Y K2 (e ) to Y Kl (2e ) X Y K2 (2e ) 
by _ 

W^[fuf 2 ](r) = (u j ,d t u J )(r,0) (j = 1,2), (2.23) 

where (ui,U2) £ Z 2 (k\) x X 2 (k 2 ) is a unique solution of (|0.8p satisfying 

\\ux(t) - Wl (t)\\ E + \\u 2 (t) - v (t)\\ E ^ as t^cx) (2.24) 
for each (fi, f 2 ) € Y k1 (sq) x Y K2 (s ). Moreover, we have for r > 

W^{hJ 2 ](r) - h(r)\l(l + rr < Ce 1+ ^(1 + r)-^^, (2.25) 

and 

\W?[hJ2](r)-f2(r)\\(l + rr<Ce\ (2.26) 

provided fj G Y" K .(e) (j = 1,2) and < e < eo, where C is a constant depending 
only on p and q. 

Remark. When p = 2, we have only to assume q > 2, instead of (|2.20p . In 
fact, if we replace the right hand side of (|2.25p by Ce 1+q (l + r)~( K2 ~ K1 ), then the 
conclusions of Theorem 12.41 remain valid (for the needed modification of the proof, 
see the remark after the proof of Theorem I2.5|) . 



Next we relax the condition (|2.20p to 

K X K 2 > 1 + n\ - Ki, (2.27) 

which is equivalent to (|0.10p . while we shall keep 1 < p < 2. In the previous case, 
it suffices to iterate just once for getting w\ as a final state for u\. However, in 
order to treat the general case, we need to iterate many times for finding out a 
suitable final state for u\. 

First we define a sequence {aj}JL by ao = 1 and 

CLj+l = K\(aj — 1) + k 2 for j > 0, (2.28) 

explicitly we have 

K2-K1 («2-l)(Kl) J , „ 

dj = for j > 0. 

1 — K± 1 — K\ 
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Observe that {aj}°^L is strictly increasing, a,j < (k 2 — «i)/(l — ki) for j > 1, and 
linij^oo aj = («2 — ^i)/(l — ki). Since p < 2 and (|2.27j) yield 

1 K 2 - K X 

ao = 1 < — < = lim a,-, 

K\ 1 — K\ j^oo 

there exists a nonnegative integer ^ such that 

a e+1 >—, a e < — . (2.29) 

Next we introduce a sequence {(i£>j> i^)} -jig as follows: For (/i,/2) G Y K1 (e) x 
y K2 (e) we set 

uji = w + L(|<9 t v | p ), w = K[f 1 ], 
v 1 =v + R(\d t w 1 \*), v = K[f 2 ). 

Moreover, we define 

w j+1 = Wj + L(\d tVj \ p - \d tVj ^\P)), (2.30) 
v j+ i = Vj + R(\d t w j+1 \ q - \d tWj \ q ) (2.31) 

for 1 < j < £. Here L and R are the integral operators given by (|3.3p and (|3.8p . 
respectively. Then we see that for 1 < j < £ + 1, 

f d 2 ^- {d 2 r +ld T ) Wj = for r>0, (€1, 

\ d 2 ^- - (d 2 + fd r ) vj = \d t Wj\l for r > 0, i G E 1 j 

and (vjj,dtWj)(r,0) = fi(r) for r > 0. 

Now, the following theorem shows that Wi+i is a final state for u\. 

Theorem 2.5 {Existence of a generalized wave operator) Let 1 < p < q. Suppose 
that 1 < p < 2 and (I2.27p . Assume K\ai < 1 in addition to (I2.29|) . TTien t/iere 
existe a positive number Eq (depending only on p and q) such that one can define a 
generalized wave operator W + = (W+ , W^) from Y Ki (eq) x Y K2 (eo) to Y" Kl (2£o) x 
Y K2 (2eq) by (|2.23p . where (u±,u 2 ) G Z 2 (/-ti) x X 2 (k 2 ) is a unique solution of (|0.8|) 
satisfying 

\\ui(t) - we+i(t)\\ E + \\u 2 (t) - v (t)\\ E ^ as t -> oo (2.33) 

/or eac/i (fi, f 2 ) G Yi tl (eo) X Y" K2 (eo)- Moreover, for r > 0, we have (|2.26p and 

Ill^| 1) [/i,/2](r)-/i(r)|||(l+rr < + r)"^^" 1 ), (2.34) 

provided fj € ^(e) (j = 1,2) and < e < £o> where C is a constant depending 
only on p and q. Here we put 

B e = l + (p-l)(q + £(p + q-2)). 



9 



Remark. If 1 < p < 2 and (|2.20[) holds, then (|2.27|) is valid and Kiag < 1 is 
satisfied for £ = 0. Therefore, Theorem 12,41 follows from Theorem 12,51 

On the one hand, suppose K\ae = 1 (notice that we have i > 1 in this case). 
Then we need to modify the statement of Theorem 12.51 a little. Letting S be a 
number satisfying 

< 5 < an — (if-i, k\8 < K\a£ + i — 1, (2.35) 

we define 

a\ = ai — 5, and a' l+1 = Ki(a^ — 1) + (= ag + i — KiS). (2.36) 
Observing that 

a>i_i < a' f < Kia e < 1, and Kia e+1 > 1, (2.37) 

we can show the statement of the theorem with a^+i in (|2,34p replaced by a' i+1 . 

Our next step is to construct the inverse of W + , based on the existence result 
in Theorem 1 of [5] for the initial value problem (|0.8p and (|2,10|) . Let {u\,U2) € 
Z 2 (k{) x X 2 (k2) be the unique solution of (|2. 12 j) satisfying 

ll n ilU2( Kl ) + IKIIx2( K2 ) < 2C Q e (2.38) 

with Co the canstant in f|2.4j) . Using the solution, we set Wq = K[(p{\, Vq = 
U2 — R(\dfUx\ q ). Moreover, when I > 1, we define for 1 < j < £ 

w* = w* + L(\d t v*^\ p ), (2.39) 
v* = vl + R{\d t w*\ q ). (2.40) 

We furter define 

w* = Ul -R(\d t u 2 \P-\d t v* e \P), (2.41) 

which we wish to regard as a final state for u\. If we set 

fx(r) = (w*(r,0),d t w*(r,0)) for r > 0, (2.42) 
f 2 (r) = (v* (r,0),d t v* (r,0)) for r > 0, (2.43) 

then we see that Vq and w* are represented as 

w* = K[f 1 ]+L(\d t v* e n v* =K[f 2 \. (2.44) 

Now we state the result for the inverse of W+. 
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Theorem 2.6 (Existence of the inverse of a generalized wave operator) Let the 
assumptions of Theorem \2.5\ be fulfilled. Then there exists a positive number Eo 
(depending only on p and q) such that, for any e G (0, eo]; one can define (W^)^ 1 
by (<pi,<p 2 ) 6 Y Kl (e) x Y K2 (e) i — ► (fi,f 2 ) G Y Kl (2e) x Y K2 (2e) so that 

||m(0-(^[/i] + L(|a^n)(t)|| £ ^0 as t^oo (2.45) 

\\u 2 (t) - K[f 2 ]{t)\\ E ^ as t^oo, (2.46) 

hold. Here (u\,u 2 ) is the solution of (|2.12p satisfying (|2.38p . (fi,f 2 ) is defined by 
(|2^2D . (f2^3|) . and t£ is aroen 6y (12^01) /or (ifi,tfi 2 ) G F Kl (e) x y« 2 (e). 
Moreover, for r > 0, we aaue (|2.17p and 

Ill/a (r) - ft(r)|(l + r) K1 < C^(l + r)- 1 ^" 1 ', (2.47) 

provided <pj G ^^.(e) (i = 1,2) and < e < Eq, where C is a constant depending 
only on p and q. 

Remark. Now we are in a position to conclude the existence of a scattering oper- 
ator for (jO.ip . As we have constructed W+ in Theorem [231 we obtain W- as well. 
Taking the range of W- to be included by that of W+, we are able to define the 
long range scattering operator by S = (W + )~ l W-. 



3 Inhomogeneous wave equations 

In this section we summarize the results of the section 4 in [5] for the case a = c = 1. 
The first one is concerned with the initial value problem for the inhomogeneous 
wave equation with the zero initial data: 

u u — (^Urr H — Uj^j = F(r,t) in (0, oo) x (0,oo), (3.1) 
u (r,0) = (d t u)(r,0) =0 for r > 0. (3.2) 
The solution of this problem is given by 

^ ft rr+{t—s) 

L(F)(r,t) = — ds XF(X,s)d\. (3.3) 

2r J J r -(t-s) 

In order to study the qualitative property of L(F), we set 

M (F)= sup \F(r,t)\r a (l+rf(l+r + ty(l + \r-t\) S , (3.4) 

r>0,t>0 

M l (F) = M (F) (3.5) 
+ sup |5 r F(r,t)|r a+1 (l + r) /3 ~ 1 (l + r + t) 7 (l + |r-t|)' 5 . 

r>0,t>0 
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for a, (3, 7, and 5 G R. Then we have 

Proposition 3.1 Let F G X 1 . Then we have L(F) G X 2 . Moreover, if M s -i(F) 
with s = 1 or s = 2 is finite for a < 3 — s, (3 G R, 7 > 0, and 5 > 1, i/ien there 
exists a constant C depending only on a, (3, 7, and 5 such that 

\\L{F)\\ Xs{v) <CM s ^{F) if a + /? + 7 >2, (3.6) 

||£(i0IU»(a+/?+7-i) < CM S _!(F) i/ Ka + /3 + 7 <2, (3.7) 

where v = min(Q + /3 + 7 — 1, $). 

Proof. Note that the statement follows from the case 7 = 0, since (1 + A + s)~ 7 < 
(1 + A)~ 7 when 7 > 0. Therefore, applying Theorem 6 in [5] where the case 7 = 
was shown, we conclude the proof. □ 
Next we study the operator 



1 roo r(s—t)+r 

R(F)(r,t) = — ds XF(X,s)d\, (3.8) 

2r J t J(s-t)~r 



related to the final value problem. Indeed, if F € X 1 and 

sup \F(r,t)\(l +rf(l +r + t) 7 (l + \r -t\f < 00 (3.9) 

r>M>0 

for j3 + 7 > 2, 5 € R, then we have R(F) € X 1 and it satisfies the inhomogeneous 
wave equation : 

(d? - A)R(F)(\x\,t) =F(\x\,t) (3.10) 

in the distributional sense on R 3 x (0,oo). The following result, which is a re- 
finement of Theorem 7 in [5 J in the sense that one can take a parameter 7 to be 
positive, will play an essential role in this paper. 

Proposition 3.2 If F £ X 1 and M s _i(F) with s = 1 or s = 2 is finite for 
a < 3 — s, (3, 7 G R, and 5 > 1 satisfying a + (3 + 7 > 2, then R(F) G X s and 
there exists a constant C depending only on a, (3, 7, and 5 such that 

WR^Wzs^KCM^F), (3.11) 

where /i = min(a + (3 — 1,5). 
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Proof. Since the statement for 7 < was shown in Theorem 7 in [5], it suffices 
to prove it for 7 > 0. Seeing the proof, we find that R(F) € X s is valid also for 
7 > 0. Hence it remains to show (|3.1ip . 
It follows from ([31! that 

R(F)(r,t) = — ds AF(A, s)d\, 

2r Jt J\(a-t)-r\ 

since XF(X,s) is odd in A. Observe that if A > |(s — t) — r\ and s > t, then we 
have A + s > r + t, so that (1 + A + s)~ 7 < (1 + r + i) -7 when 7 > 0. Therefore, 
if a + (3 > 2, one can reduce the proof to the case 7 = which was already shown 
in 0. 

Suppose, on the contrary, that a + (3 < 2. We take a positive number p > 
satisfying 

2 + <p<5 + l-(a + /3), p< 7 (3.12) 

and set (3' = (3+p, 7' = 7— p. Then we have a+f3' > 2, 7' > and (5 > 1. Applying 
the result in the preceding case with (3 and 7 replaced by and 7' respectively, we 
obtain the needed conclusion, because min(a + (3' — 1, S) = min(a + j3 — 1 + p, 5) = 
a + (3 — 1 + p and p = min(a + (3 — 1, 5) = a + (3 — 1. This completes the proof. □ 

4 Proof of Main Results 

4.1 Proof of Theorems E21 and [E2 

First we prove Theorem 12.21 Suppose p > 2. Let (/i,/2) € ^(e) x ^k 2 ( £ ) with 
< e < 1, and set u> = = ^Lfc]- Then it follows from ([23]) that 

IKIIx2( Kl ) + ||«o||xa(« 3 ) - Ce - ( 4 - 1 ) 

Recall that «i = p — 1 > 1 and K2 = q — 1 > 1. 

We shall solve the following system of integral equations : 

Ul = w + R(\d tU2 \ p ), u 2 = v + R(\d tUl \i), (4.2) 

where R is defined by (|3.8p . To this end, we define T(ui, u 2 ) = (T^ (u 2 ) , (u\)) 
by 

T^(u 2 ) = w + R(\d t u 2 \P), TM(u 1 ) = v + R(\d t u 1 n. (4.3) 
For e>0we introduce a metric space 

D e = {(ui,u 2 ) eX 2 xX 2 ; d(( Ul ,u 2 ),(w ,v )) < e}, (4.4) 
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where we have set 

d((u 1 ,u 2 ), (ul,i4)) = \\ux - ul\\z2( Kl ) + \\u 2 - v* 2 \\ Z 2 {K2) . 
First we prepare the following. 

Lemma 4.1 Let (ux,u 2 ) € D £ . Then we have 

\\TW( U2 )-w \\ zHKl) <Ce^ (4.5) 
\\TW( Ul )-v \\ Z 2 {K2) <Cei. (4.6) 

Moreover we have 

||T«(« 2 ) - tU{v? 2 )\\ z . {ki) < Ce^Wu, - u* 2 \\ zHK2) , (4.7) 
|| T (2) (ni) _ T (2) K) || z2(K2) < Ce^Wm-utW^ (4.8) 

for (ui,u 2 ), {u\,u* 2 ) G D £ . 

Proof. First we observe that if (ui,u 2 ) € D e , then we have 

+ IMIx2(« 2 ) < Ce, (4.9) 

due to ki, k 2 > 1 and (|4.ip . 

We start with the proof of (|4.5]> . In view of (|4.3|) . it suffices to show 

p(i^ 2 nb 2(K1 )^ CeP - ( 4 - 10 ) 

We see from (|4.9p that Mi{\dtu 2 \ p ) < Ce p holds for a = 7 = 0, (3 = p and 5 = pn 2 , 
where M X {F) is defined by (pT4]l and (j33|) . Since a + /3 + 7- l = K 1 >l, by 
(|3.1ip with s = 2we get (|4.10p . which implies (|4.5p . Analogously we obtain (|4.6p . 
because K2 > 1. 

Next we show (J4?7|). It follows from (|473|) that 

T (l \u 2 ) - tU(u* 2 ) = R(\d t u 2 \ p - \d t u* 2 \ p ). (4.11) 

Since p > 2, we see from fj4.9j) that 

Afi(|^«2|f - \d t u* 2 \ p ) < Ce p ~ l \\u 2 - u* 2 \\ Z 2 {K2) 

for q = 0, /3 = p, 7 = — 1, and 5 = 1 + (p — 1)^2- Since a + /3 + 7 — 1 = 
Ki + K2 — 1 > 1, by (13. lip with s = 2 we obtain 

p(|d^ 2 r - \d t ut\ p )\\ Z 2 {Kl+K2 -i) < Ce p ~ l \\u 2 - u* 2 \\ Z 2 {K2) . 
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In view of (|4.1ip . we get (|4.7p . since k 2 > 1. Analogously we have (|4.8|) . because 
q > p > 2. This completes the proof. □ 
0/ the proof of Theorem \2.t& We see from Lemma 14,11 that there exists a 
positive number eo depending only on p and q such that if < e < £q, then we 
have T (111,112) £ D e and 

d(T(ui,u 2 ),T(ui,U2)) < 2~ l d((m,U2) 1 (u{,ul)) 

for (1*1,1*2), (1/1,1*2) € -D e , namely, T is a contaction on D £ . Hence we find a 
unique solution (1*1,1/2) € A: °f Q4.2p . Here and in what follows, we suppose that 
< e < So and (1*1,1*2) is the solution. 

Since T^ l '(u2) = 1*1 and wq = K[fi], it follows from (|4.5p that 

[(1*1 - X[/i])(r, i)] 2 < CeP(l + r + t )-C«x-D (1 + | r _ ( 4.i2) 
Therefore we have 

\\( U1 - KinmwE (4.13) 

/ poo \ V 2 

<Ce p (l + t)-^- 1 ) f / (1 + [r - i|)- 2 dr J 
<C£ p (l + t)-( Kl ~V 
for i > 0. Analogously by (|4.6p we get 

||(«2 - lb < Ce"(l + t)~^-V (4.14) 



for i > 0. Hence we obtain (12.TH . 

Moreover, we easily get (I2.8P by taking t = in (14.121) . Analogously, (12. 9p 
follows from (|4.6p . Thus we prove Theorem 12.21 □ 

Next we show Theorem 12.31 Let (1*1,1*2) £ A 2 (ki) x X 2 (k 2 ) be the unique 
solution of flZ3Z$ satisfying (pDIj) . Then we see from (|2T3]l and (|2"T5j) that (J22D, 
(j2T6]) and (|2T7|I follows from (ITO]) and 

||i?(|a t i*i|«)|| z2(re2) <Ce«. (4.15) 

By virtue of (|2.1ip . (|4.10p can be shown as before. In the same way we obtain 
(|4.15p . Thus we prove Theorem 12.31 □ 

4.2 Proof of Theorems [23] and D 

We start by showing the following basic estimates. 
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Lemma 4.2 Let v G X 2 (k 2 ). Then L(\dtv\ p ) G Z 2 (k\) and we have 

\\L(\d t vn\\zH Kl )<C\\v\\ p x2{K2) . (4.16) 

While, let w G Z 2 {k\). Then R(\dtw\ q ) G Z 2 (k 2 ) and we have 

\\R(\d t w\«)\\ ZHK2) <C\\w\\% 2{Kiy (4.17) 

Proof. For u € A 2 (ft2)> we have 

[v(r,t)] 2 < \\v\\ X 2 (K2) (l + \r-t\)-^, 

so that M\(\dtv\ p ) < P\\ v \\^2f K2 j holds for a = 0, /? = p, 7 = 0, and (5 = p«2. By 
Proposition 3.1 with s = 2 we get L(|(9tv| p ) G Z 2 (ki) and (|4.16p . since 0J+/J+7— 1 = 
k\ < 1 and 5 = pK 2 > 1. 

On the other hand, for w G Z 2 (ki), we have 

Mr,t)] 2 < I^H^^^l + r + O^Hl + k-tl)- 1 , 

so that Mi(\dtw\ q ) < qHHIz^ki) holds for a = 0, /3 = 5 = q, and 7 = qn\ — q = 
k 2 + 1 - q. By Proposition 3.2 with s = 2 we get ^(l^wj 9 ) G Z 2 (k 2 ) and (f4"7T7|) . 
since a + /? + 7 — 1 = k 2 > 1. This completes the proof. □ 
Next we examine the qualitative property of {vjjY^ and {vjYjt^ defined by 
(|2.30p and (12.311) . As a corollary of Lemma 14.21 we derive the following estimates. 

Corollary 4.3 Let < j < £ + I, < e < 1 and fa G Y Ki (e) with i = 1, 2. Then 
Wj G Z 2 {k\), Vj G X 2 (k 2 ), and we have 

K-llz'M < Ce, (4.18) 
HU> 2 ) < Ce. (4.19) 



Besides, we have 



\\w 1 -w \\ Z 2 {Kl) <Ce p , (4.20) 
IK-«t)||^(«) <Ce«. (4.21) 

Proof. Since / 2 G Y^ 2 (e), by Proposition 12.11 we get v G X 2 (k 2 ) and (|4.19|) for 
j = 0. Analogously we have wq G X 2 (ki) and ||u;o||x 2 (ki) — Since < K\ < 1, 
we find w G Z 2 (ki) and (14.181) for j = 0. 

Next suppose that (|4.18p and (|4.19p hold for some j with < j < £. Since 
Wj+i — wq = L{\dtVj\ p ) by (|2.30p . we have u>j+i - wo £ Z {k\) and — 
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w o\\z 2 (k 1 ) — Ce p , using (|4. 16[) and (|4.19p . Hence we get ||u>j + i ||z2( Kl ) < Ce for 
< e < 1 and (|4.20p by taking j = in the above. Analogously we obtain 
ll«i+i-«bllz»(«a) ^ C £9 b y (Ml. (SUD and gH|). Therefore, ||u i+1 || x2()t2) < Ce 
for < £ < 1 and (|4.2ip holds, because k,2 > 1- The proof is complete. □ 
The following estimates are crucial in the proof of Theorem 12.51 for £ > 1. 

Lemma 4.4 £e£ I < j < I, < £ < 1 and /j £ ^(e) wi/i i = 1,2. T/ien 
— w j G Z 2 (Kiaj), Vj+i — Vj G Z 2 (a J+ i), and we have 

\\w j+1 - wjWzi^ < Ce b ^ + P-\ (4.22) 
\\v j+ i ~ Vj\\ z i iaj+l) <Ce b \ (4.23) 

where we put bk = q + k(p + q — 2) /or a nonnegative integer k, and 

IK+l " ^IU>i % ) < Ce 5 '" 1 , (4.24) 
IK+l " ^IU^(a f+1 ) < Ce B ^-\ (4.25) 
where we put = 1 + (p — 1)6^. /or a nonnegative integer k. 

Proof. Observe that (|4.2ip implies (14.231) for j = 0, since bo = q and a\ = K2- 

First we show that if (|4723"j) holds for some j with < j < £ - 1, then P~22|) 
with j replaced by j + 1 holds. It follows from (|2,30p that 

w j+2 - w j+ i = L(G{v j+1 , Vj )), G(v,v*) = \dtv\» - \d t v*\f (4.26) 

for < j < £ — 1. Note that if v, v* G X 2 («2) and t> — G Z 1 (a J+ i), then we have 

|G(t>,t;*)(r,i)| (4.27) 

^Pldtiv-v^iddtvi + idtv*^- 1 

< P\\V - V*\\ Z l {aj + l) (\\v\\ X 2 {K2) + \\V*\\ X 2 {K2) ) P - 1 

x r -1 (l + r)-( p -^(l + r + ij-fo+i- 1 )^ + \r - t\y l - KlK2 . 

In addition, we have 

(1 + r + tyto+^il + \r- tl)- 1 -^ 2 (4.28) 
< (1 + r + ^-^(^-^(l + \ r - t\)- Kl ~ K2 , 

since < k\ < 1 and a J+ i > ^2- 

Applying K27\\ to G(v i+1 , and using (|4~19j) . (|4723l) and (147281) . we obtain 

M (G(t; J+1 ,^)) ^C^'+f- 1 
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for a = 1, P = ki, 7 = K\aj + i — k\ (> 0), and 5 = k% + «2- Since a + /3 + 7— 1 = 
^lflj+i < ti<^ and Kia^ < 1 from the assumption in Theorem 12.51 if we apply 
(|3.7p with s = 1 to the right hand side on (|4.26p . then the desired estimate holds. 
In particular, we have (|4.22p with j = 1, since f|4.23|) is valid for j = 0. 

Next we show that if (|4.22[) holds for some j with 1 < j < £, then (|4.23[) is 
valid for the same j. It follows from (|2.31|) that 

^+1-^=12(^(^+1,1^)), H(w,w*) = \d t w\ q -\d t w*\ q (4.29) 

for 1 < j < I. Note that if w, w* £ Z 2 (k\) and w — w* € Z 1 (niaj), then we have 

\H(w,w*)(r,t)\ (4.30) 
<q\d t (w-w*)\(\d t w\ + \d t w*\) q - 1 
< q\\w - w*\\ z i {Kiaj) (\\w\\ Z 2 {Kl) + \\w*\\ Z 2 (Kl) ) q - 1 

x r _1 (l + r)-(9 _1 J(l + r + t)-(9-lX*i-l)-(*i«y-l)(i + | r _ 

Applying (fl~30l) to H(w j+ i,Wj) and using (^T8|) . (pj~22j) . we obtain 

M (#(1^+1,1^)) <C^ 

for a = 1, /3 = q — 1, 7 = Oj+i + 1 — g, and S = q. Since Q + /3 + 7 — 1 = a J+ i > 1, 
if we apply (|3,lip with s = 1 to the right hand side on (|4,29p . then the desired 
estimate holds. In conclusion, we have proven (|4.22p and (|4.23p for 1 < j < I. 

Next we show (|4T24"j) and P~25j) . Observe that if we put = 1, then (|4T25|) 
with j = follows from (|4.2ip . 

First we show that if (|4.25p holds for some j with < j < I — 1, then it, in 
combination with (I4.23|) . implies ()4.24p with j replaced by j + 1. Note that if v, 
v* G X 2 (k2) and u — v* G Z 2 (oj+i), then we have 

{(l + r)\G(v,v*)(r,t)\+r\d r G(v,v*)(r,t)\} (4.31) 
x ^(l + r + t)«i(aj+i-i)(i + | r _ i |)«i+« 2 

< 2 KII^-^llzHa J+ i) l|u|lx2 (^) 

+ lb - V*\\z2(a J+1 )(\\v\\x2( K2 ) + \\V*\\X2( K2 )) P ~ 1 }- 

In fact, similarly to (I4,27h . we have 

\G(v,v*)(r,t)\ <p\\v - v*\\ Z 2 (aj+l) (\\v\\ X 2 {K2) + \\v*\\ X 2 (K2) ) p - 1 

x (1 + r)" p (l + r + ij-te+i- 1 ^! + |r - il)" 1 -" 1 " 2 . 
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Since 1 < p < 2, we obtain 

\d r G(v,v*)(r,t)\ 

<2 P \d t (v - v*)\ p - 1 \d r d t v\+ p\d r d t (v - v^Wdtv*]?- 1 

<MV - V*\\z~Ha ]+1 )\\ V \\x>(. 2 ) 

x r- p (l +r + + \ r _ t \)~ Kl - K2 

+ p\\v-v*\\ Z 2 (aj+l) \\v*\\ P x2 \ K2) 
x r _1 (l + ry^il + r + ij-fc+i- 1 )^ + |r - t|)- 1 - RlK2 . 

By (gUg]) we get l|OI]> . 

Applying (143TI) to G(v j+ i,Vj) and using (J4TT91) . (14231) and (f425|) . we obtain 

M^Givj+uVj)) < Ce ip - 1 ^ +1 + Ce B i- 1+p+q - 2 

for a = p — 1 (< 1), (3 = 1, 7 = kiOj + i — «i, and J = ki + «2- It is not difficult to 
see that 

Bj <Bj-i+p + q-2 (4.32) 

for < j < I (recall B_i = 1). Therefore we have Mi(G(u i+1 ,u,-)) < Ce B '. Since 
a + /5 + 7 — 1 = kiOj + i < Kia^ < 1, if we apply (13, 7p with s = 2 to the right hand 
side on (|4.26p . then the desired estimate holds. In particular, we have (|4.24j) with 
j = 1, since (I4.25P is valid for j = 0. 

Finally we show that if (|4.24p holds for some j with 1 < j < £, then (|4.25p is 
valid for the same j. Note that if w, w* G Z 2 {k\) and w — w* 6 Z 2 (kiOj), then 
we have 

{(l + r)|lT(«j,«;*)(r,t)| + r|d r il(u;,u;*)(r,i)|} (4.33) 
x (1 + r) 9-1 (l +r + t)(9-l)(«i-i)+«i«j-i(i + | r _ 
< g 2 ||w - w*|| Z 2 (Kiaj) (||u;|| Z 2 (Kl) + |K|U2 (ftl )) 9 ~\ 

since q > 2. Applying f|4.33|> to H(wj + \,Wj) and using (]4.18|) . (j4.24j) . we obtain 

Mi(H(wj+i,Wj)) < Ce Bj ' -1+9-1 

for a = 0, f3 = 5 = q and 7 = aj+i + 1 — q. Since a + /3 + 7 — 1 = o^+i > 1, if we 
apply (|3.1ip with s = 2 to the right hand side on (|4.29p , then the desired estimate 
holds. In conclusion, all the asserion of the lemma is proven. □ 
Our next step is to solve the following system : 

ui = w e+1 + R(G(u 2 ,v e )), U2 = V£ +1 +R(H(ui,wt+i)), (4.34) 
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where G(v, v*) and H(w, w*) are the notations from (|4.26[) and ()4.29p . respectively. 
We define T( Ul ,u 2 ) = {T^{u 2 ),T^\ Ul )) by 

T^(u 2 ) = w e+1 + R(G(u 2 ,v e )), T^( Ul )=v e+1 + R(H( Ul ,w e+1 )). (4.35) 

For £>0we introduce a metric space 

D e = {{u u u 2 ) eX 2 xX 2 ; d{{u x ,u 2 ), {w e+ i, v i+1 )) < e^" 1 ^}, (4.36) 

where bg = q + £(p + q — 2) and we have set d((ui,u 2 ), (u*,^)) = d\{u\,u\) + 
d 2 (u 2 , u|) with 

di(itiX) = - «i||^ (Ma<+1 ) + - <\\ P z^ Kl a e+1 r 
d 2 {u 2 ,u 2 ) = \\u 2 -u 2 \\ Z 2^ e+1 ) + \\u 2 ~ u* % \\ P zx\ ai+1 y 

We shall show that T is a contraction on D e , provided e is small enough. 
First of all, we prepare the following. 

Lemma 4.5 Let (u\,u 2 ) € D £ with < e < 1. TTien u>e /iowe 

IMIz 2 ( M ) + ll u 2||x 2 ( K2 ) < ( 4 -37) 

and 

(«2,^)<Ce^ (4.38) 

Proof. First we prove (|4.37p . Notice that a^ + i > k 2 > 1 and (p — l)bi > (p — l)q = 
k 2 + 1. Then (|Q7|) follows from (ftTE\\ and (f^T9]) with j = I + 1. 

Next we prove (|4.38p . The first inequality is apparent. On the other hand, 
in order to get the second one, it suffices to show d 2 (vi + i,vi) < Ce^ p ~^ be . When 
I = 0, it follows from (f4T2l~|) that 

d 2 {vi,v Q ) < C{e q + e { P^ q ) < Ce^ q 

for < e < 1. While, when I > 1, it follows from P~23"|) and P~2l)j) with j = £ that 

Since 

B/_i + g-l = (p-l)&< + (2-p)(p + 9 -l) > ( P -l)b e 

for £ > 1, we obatin the needed estimate. This completes the proof. □ 
The following estimate will play a basic role in proving that T is a contaction 
on D F . 
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Lemma 4.6 Let u 2 , u 2 E X 2 (k 2 ) satisfy u 2 — u 2 G Z 2 (ae + \) and 

IKII^M + IKIIx^M <Cs. (4.39) 

T/ien we /iGroe 

\\R(G(u 2 ,u*))\\zH Kiae+1 ) < Ce^Wui-u*^^ (4.40) 
||i?(G(n 2 ,^))|| z2(Kiaw) < Ce^d^u*). (4.41) 

While, let u\, u[ € Z 2 (ki) satisfy u\ — u* € Z 2 (/-tia£ + i) anc? 

!l^i||^ (Kl) + |K|| z2(Kl) <Ce. (4.42) 

T/ien we have 

\\R(H( Ul ,ul))\\ zHae+2) < Ce^Wm-ulWz,^^ (4.43) 
\\R(H( Ul ,ul))\\ Z 2 {ae+2) < Csi- l \\u x -ut\\ Z 2 iKiae+l) . (4.44) 

Proof. First we prove (|4"^0]) . It follows from (f¥T27|) with j = £, P~28]) and (|4~39j) 
that 

M (G(n 2 ,^)) < Cev- l \\u 2 - u* 2 \\ z i {ai+l} 

for a = 1, p = k\, 7 = Kiac + i — «i, and 5 = k\ + k 2 . Applying (|3.11|) with s = 1 
to G(u2,U2), we get ()4.40p . because 

a + /3 + 7- l = «ia^ + i > 1, (4.45) 

by virtue of (|2T29jh 

Next we prove (jlH]) . It follows from (|4~3Tj) with j = £, P~39]) that 

Mi(G(u 2 ,«2)) <Ce p - 1 d 2 (u 2 ,u* 2 ) 

for a = p — 1, (3 = 1, 7 = K\ag + \ — k%, and 5 = ki + k 2 . Since (I4.45h holds for 
these a, /3 and 7, we obtain (|4.4ip by (|3.1ip with s = 2. 

Next we prove (14431) . It follows from (l4~30j) with j = £ + 1 and (|P2|) that 

M (i?(ui,^)) < Ce^Wm -ul\\ zl(Kiaf+i) 

for a = 1, = q — 1, 7 = a^ +2 + 1 — g, and 5 = q. Since a + /? + 7 — 1 = a^ +2 > 1, 
by ([3TL]) with s = 1, we get (@33|). 

Finally we prove (fOIj) . It follows from ff4~33|) with j = £ + 1 and (|4Tl2"l) that 

Mi u^)) < C^- 1 !!^ - nt|| z2(Kiaw) 

for a = 0, j3 = 5 = q and 7 = a£ +2 + 1 — q. Since a + /3 + 7 — 1 = a^ +2 > 1, (|3.1ip 
with s = 2 yields (|4.44p . The proof is complete. □ 
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Corollary 4.7 Let (ux,u 2 ) £ D e with < e < 1. T/ien w;e /tcroe 

di(T«(n 2 ),^ + i) < Ce (p - 1)6 ^ +(p - 1)2 , (4.46) 
^ 2 (T (2) (ui),^ +1 ) < c £ (p-1)^+(p-1)(?-1). (4.47) 

Moreover, we have 

d x {TVXv*),TW{v$) < Ce^ 2 d 2 (u 2: u* 2 ), (4.48) 
d 2 (T (2) («i),r( 2 )«)) < Ce^- 1 ^ 9-1 ^!^!,^) (4.49) 

/or (u\,u 2 ), (it*, it*.) € Z? e loit/i < e < 1. 

Proof. It follows from Lemma 14.51 that if (ui,u 2 ) G -D e and < e < 1, then we 
have (1437]) and 

K - w e+1 \\ Z 2 (Kiae+l) + \\u2 - v e \\z2 (at+l) < Ce (p ~ 1)be , (4.50) 
||m - w i+1 \\ z i iKiae+l) + \\u 2 - ve\\ z i( ag+1 ) < Ce be . (4.51) 

We start with the proof of (fQ6|) . By (f4~T35]) we have T^\u 2 ) - w e+ i = 
R(G(u 2 ,v^)). Therefore, applying the preceding lemma, we get (|4.46j) . Similarly, 
since T^(ui) - V£ + i = R(H(ui,W£ + \)), we obtain ([4.470 . 

Next we prove (l448]l . By (|Q5j> we have tW(u 2 ) - rW(i4) = R(G(u 2 , «|)). 
Since d 2 (u 2 ,v,2) < 2e( p ~ 1 )^ for (111,1*2), ( u i\ u 2) £ As 5 the preceding lemma shows 
(|4.48p . Similarly, we obtain ([4.490 . This completes the proof. □ 
End of the proof of Theorem \2.bl We see from Corollary 14.71 that there exists a 
positive number eq depending only on p and q such that if < s < e$, then we 
have T(ui,u 2 ) G D £ and 

d(T(u 1 ,u 2 ),T(u* 1 ,U2)) < 2~ 1 d((ui,u 2 ), {u{,u 2 )) 

for (ui,u 2 ), (it*, it^) e A>> namely, T is a contaction on D e . Hence we find a 
unique solution (iti, u 2 ) S L> £ of ([4.340 . Here and in what follows, we suppose that 
< £ < Eq and (1*1,1*2) is the solution. 

Next we prove (jUHgj) . Since (pL"T9"|) . ([4370 and (|4"3T]> yield 

ll u 2||x2(K2) + ||^||x2(« 2 ) < Ce, 11^2 - M\z\a i+1 ) < CE be , (4.52) 
applying ([4.400 . we obtain 

[R(G(u 2 ,vi))(r,t)]i <Ce ?, - 1+ ^(l + r + t)-(' tl ^+ 1 - 1 )(l + |r-t|r 1 . (4.53) 
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In view of (|4.34|) . we have 

\\( Ul -wt +1 )(t)\\ E < Cer- 1+b *(l+t)-^ a *+i-V (4.54) 
for t > 0. Similarly, by KWi . (143TD . (143D . and g33]), we get 

||(«2 - v e+1 )(t)\\ E < Cei- 1+b t(l + t)-^- 1 ) (4.55) 
for t > 0. Moreover, it follows from (|43Tj) and (|4T23|) that 

- vo)(r, < Ce*(l + r + i)-^ 1 ^ + |r - (4.56) 

so that 

\\(vt +1 -vo)(t)\\ E < Ce"{l + t)-^- l \ (4.57) 

Thus we obtain ([233]) from (1434T) . (14351) and (14371) . 

Next we prove f)2.34j) . Since (wt+i, dtWg + i)(r, 0) = /i(r), it suffices to prove 

[i?(G(t*2, v/))(r, t)b < Ce^(l + r + t)-(«i««n-i-i) (1 + |r - t|) _1 . (4.58) 

Using (|43T]) and ([432]) . we have 

Mi(G(«2,t;/)) < +e p - 1 ||n 2 - ^|| Z 2 (a/+l) ) 

for a = «i, /3 = 1, 7 = Kia^ + i — ki, and 5 = k\ + It follows from (|4.25p and 
(14321) that 

eV- l \\v t+1 -v t \\ Z 2 {ai+l) <Ce B z 
for < e < 1. We see from (|434l) . (j435|) and (IOTP that 

e^ l \\u 2 -v e+1 \\ zHae+l) < Ceto-W'+b- 1 *. 

Since (jp — \)q = k 2 + 1 > 2, we therefore obtain 

Afi(G(u 2> ^))<C^ 

for < e < 1. Since (|4.45p is satisfied for those a, /?, 7, and S, applying (|3.1ip 
with s = 2 we get (f4~58]) . 

Finally we show (|2.26p . which follows from 

\\u2-v \\ Z 2 (K2) <Ce Ci . (4.59) 

Let < e < 1. By (14331) . (1438]) and (|OD]l we have 

M 1 (H(u 1 ,w e+1 )) < Ce q ~ 1+{ P- 1 ^ < Ce q 
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for a = 0, /3 = 5 = q and 7 = a£ +2 + 1 — q, since (p — l)bi > (p — l)q > 2. Noting 
a + /3 + 7 — 1 = a£ + 2 > 1 and applying (|3.1ip with s = 2, we get 

\\u 2 - v£ + i\\ Z 2 (ai+2) < Ce q , 

in view of (|4.34|) . While, we see from (|4.2ip and (|4.25p that 

IK+i -v \\ Z 2 {K2) < Ce q , 

since dj+i > ^2 an d -Bj-i > 1 for j ' > 1. Therefore we obtain (|4.59p . Thus we 
complete the proof of Theorem 12.51 □ 

Remark. When p = 2, Lemma 14,21 and Corollary 14,31 with t = remain valid, in 
view of (pnUj) . We replace (|4T36l) by 

D e = {(u u u 2 ) e X 2 x X 2 ; \\m - wi|| Z 2 (K2) + \\u 2 - Vx\\ Z 2^ < e q }. 

Notice that we have 

\\R{G(u 2 ,u* 2 ))\\ Z 2( K2) < Ce\\u 2 - u* 2 \\ Z 2( K2) , 

instead of (|4.4ip . because M\{G{u 2 , u^)) < Ce\\u 2 — «2||z 2 (« 2 ) for a = 0, (5 = 2, 
7 = k 2 — 1, and 6 = 1 + k 2 (remark that a + /? + 7 — 1 = k 2 > 1). Prodceeding as 
in the proof of Theorem 12.51 we find the desired conclusion stated after Theorem 
1231 

Next we prove Theorem 12.61 Similarly to the proofs of Corollary 14.31 and 
Lemma 14.41 one can establish the following lemma. 

Lemma 4.8 Let < e < 1 and (pi G Y Ki (e) with i = 1,2. Then w* G Z 2 (k\), 
Vj G X 2 (k 2 ), and we have 

IK l^ 2 («i) + K Wx 2 (k 2 ) < Ce (4.60) 
/or < j < £. Moreover, u\ — w* G Z 2 {n\aj), u 2 — v *■ G Z 2 (aj + i), and we /lave 

" tfh^aj) < Ce b ^ +p -\ \\u 2 - v*\\ zHaj+l) < Ce b \ (4.61) 

N - w*\\ Z 2 (Kia]) < Ce B i-\ \\u 2 - v*\\ Z 2 {a . +l) < Ce B ^ +q - 1 (4.62) 
for 1 < j < I, together with 

\\u 2 - v* \\ Z 2 (K2) <Ce q . (4.63) 
Here bk and Bk are defined in Lemma \4-4\ 
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End of the proof of Theorem \2.b\ Let (ui,u 2 ) £ Z 2 (ki) x X 2 (/?2) be the unique 
solution of (f2T2l satisfying (f!T38|) . 

In order to prove (|2.45p . it suffices to show 

[R(G(u 2 ,v* e ))(r, t)]i < Ce p - 1+be (l + r + + | r _ t \)-\ 

in view of (|2.41|) and (|2.44|) . The needed estimate can be deduced from (|2.38|) . 
(IOTP . (JMIJ, and (iroil . similarly to (|4T53l) . 

Next we show (f2T47l) . By (I2H1) and (f!T4"2~1) . it is enough to prove 

[R(G(u 2 ,v* e ))(r,t)} 2 < Ce B *(l + r + + | r _ 

Similarly to (|4.58p . we obtain the desired estimate from (|2.38p . (|4.60p . (|4,62p . and 
(^63]) . 

Finally we show ([2TiH|) and (pTT|) . Since it follows from (|2"13j) that u 2 -K[f 2 ] = 
u 2 — v q , we see that (|2.46p and (|2.17p are consequences of f|4.63j) . This completes 
the proof of Theorem 12.61 □ 
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